In this paper, we discuss and examine various issues concerning the recent findings that suggested the observed period-luminosity (P-L) relation for the Large Magellanic Cloud (LMC) Cepheids is nonlinear. These include (1) visualizing the nonlinear P-L relation; (2) long period Cepheids and sample selection; (3) outlier removal; (4) issues of extinction; (5) nonlinearity of the period-color (P-C) relation; (6) nonlinear P-L relations in different pass-bands; and (7) universality of the P-L relation. Our results imply that a statistical test is needed to detect the nonlinear PL relation. We then show that sample selection, number of long period Cepheids in the sample, outlier removal and extinction errors are unlikely to be responsible for the detection of the nonlinear P-L relation. We also argue for the existence of a nonlinear P-L relation from the perspective of the nonlinear P-C relation and the non-universality of the P-L relation. Combining the evidence and discussion from these aspects, we find that there is a strong indication that the observed LMC P-L relation is indeed nonlinear in the optical bands (however the K-band LMC P-L relation is apparently linear). This could be due to the internal physical reasons or the external hidden/additional factors. Compared to the non-linear P-L relation, the systematic error in distance scale introduced from using the (incorrect) linear P-L relation is at most at a few per cent level. While this is small compared to other systematic errors, it will be important in future efforts to produce a Cepheid distance scale accurate to one per cent in order to remove degeneracies presented in CMB results.
Introduction
The Cepheid period-luminosity (P-L) relation is a fundamental tool in cosmology because it plays a major role in the distance scale ladder. A well calibrated PL relation enables Cepheid distance measurements up to ∼ 30Mpc with the Hubble Space Telescope (HST ). These Cepheid distances can then be used to calibrate a host of secondary distance indicators which can then, in turn, be used to measure Hubble's Constant that is free of the local Hubble flow (see, e.g., Freedman et al. 2001; Saha et al. 2001 ). This has been done, for example, in the H 0 Key Project that obtained Cepheid distances to ∼ 30 HST observed galaxies. It is also important in stellar pulsation/evolution studies. Empirical P-L relations also provide strong constraints to theoretical pulsation and evolution models.
The current most widely used P-L relation is based on the Large Magellanic Cloud (LMC) Cepheids. This is primarily because there are many Cepheids discovered in the LMC. The LMC P-L relation has been assumed, and believed, to be linear in log(P ) for a long time, where P is the pulsation period in days. However this assumption is currently under challenge from several recent papers (Tammann & Reindl 2002; , 2006 Sandage et al. 2004; Ngeow & Kanbur 2006b ). These studies present strong evidence that the LMC P-L relation may not be linear, and further, that the relation can be broken into two relations with a discontinuity at (or around) 10 days. In particular, a rigorous statistical test (the F -test) for analyzing the nonlinearity of the LMC P-L relation, using the V -band data from both of the OGLE (Optical Gravitational Lensing Experiment) and the MACHO (Massive Compact Halo Object) samples has returned a significant result: this is reported in , 2006 and , respectively. The fact that the statistical test returns a significant result from two totally independent samples strongly indicates that the nonlinear LMC P-L relation is real and not due to artifacts such as photometric reductions and observational strategies.
Despite this, the evidence of the nonlinear LMC P-L relation is still a controversial issue and draws much skepticism within the astronomical community. However this does not rule out the possible existence of an intrinsic, but hard-to-detect nonlinear P-L relation. The purpose of this paper is to examine some of the mis-conceptions and clarify some of the issues regarding the detection of a nonlinear LMC P-L relation. In this paper the nonlinear P-L relation discussed is defined as two P-L relations with a discontinuity at/around a period of 10 days that separate the short and long period Cepheids. Hence short and long period Cepheids are those with period less and greater than 10 days, respectively. Justifications of the choice of a fiducial break period at 10 days are given in , Sandage et al. (2004) , and Ngeow & Kanbur (2006b) , and will not be repeated here. We note that also estimated this break period from the data. Other forms of the nonlinear P-L relation can be found in , however the study from Ngeow & Kanbur (2006b) suggested the two-lines relation is more appropriate to represent the nonlinearity. The confirmation of the break period at 10 days and the true form of the nonlinear P-L relation is difficult to verify with the observed data, due to the intrinsic dispersion of the P-L relation, and has to wait for more pulsational modeling. Some early attempts to explain theoretically and model the nonlinear P-L relation can be found in Kanbur & Ngeow (2006) and Marconi et al. (2005) .
Visualizing the Nonlinear P-L Relation
One of the arguments against the idea of a nonlinear P-L relation is that the P-L relation plotted from observed data looks linear by human eye, therefore the relation should be linear. However, the appearance of the linear P-L relation does not imply that the underlying P-L relation is indeed linear. We demonstrate that it is difficult to distinguish these two P-L relations by eye with a simple experiment. We generate (i.e., simulation) two "fake" P-L relations to mimic the distribution of real Cepheids along the P-L regression: one is intrinsically linear and another one is intrinsically nonlinear.
For demonstration purposes, we use the V -band P-L relations given in Sandage et al. (2004) . The linear version of the P-L relation is:
and the nonlinear version of the P-L relations are: V = −2.96 log(P ) − 1.34 for log(P ) < 1.0,
V = −2.57 log(P ) − 1.63 for log(P ) > 1.0.
To obtain a realistic period distribution, we use the period distribution (in log[P ]) from the MACHO sample (Alcock et al. 1999 ) and the OGLE sample (Udalski et al. 1999b ) as input to generate a period distribution that matches the observed distribution. It is well known that the Cepheid P-L relation has an intrinsic dispersion due to the finite width of the instability strip. We model this intrinsic dispersion as a Gaussian distribution with σ = 0.23 mag centered at zero. In addition to the intrinsic dispersion, we also add a Gaussian error of σ = 0.05 mag to represent photometric errors. These two Gaussian errors are then added in quadrature to the generated P-L relations using the above equations and our period distribution.
We plot out the simulated P-L relations in Figure 1 . These are similar to the published LMC P-L relation (e.g. Udalski et al. 1999a) . By looking at these P-L relations, it is very difficult to distinguish the nonlinear and linear P-L relations (see Appendix A for the answer). There are two reasons that make the nonlinear P-L relation difficult to visualize. Firstly, the existence of intrinsic dispersion dominates the total dispersion of the relation. Secondly, the nonlinearity of the P-L relation is shallow, or the break is not a sharp or steep break that will be easy to visualize. A shallow break of the P-L relation would be, for example, that the slope variation between the long and short period slopes is roughly 20% or less. To illustrate these effects we plot another two simulated P-L relations in Figure 2 : one of them has a sharp/steep break and another one does not have intrinsic dispersion. The nonlinearity of the P-L relations in this figure is more apparent than the P-L relations given in Figure 1 . Based on the above demonstration, how then can we be confident about detecting the existence of a nonlinearity in the P-L relation, if any? The answer is that we need to use some statistical tests and/or analysis to detect the hidden nonlinearity. One of the statistical tests that we employ in our analysis is the F -test which can be found in many statistical texts (e.g., Weisberg 1980) . The F -test has been applied to the OGLE data , 2006 and the MACHO data and both datasets return a significant result for the nonlinearity for the V -band LMC P-L relation (see the F -test results in the Appendix A for the P-L relation in Figure 1 ). To demonstrate that the F -test can return a reliable result, we repeat the "simulation" that was done in Figure 1 many times and build up the distribution of the F -test results. The resulting histograms for both of the intrinsically linear and nonlinear simulated P-L relations are shown in Figure 3 . It can be clearly seen from this figure that the F -test will return a significant (100 per cent of the time) and a non-significant (95 per cent of the time) result when the P-L relation is intrinsic nonlinear and linear, respectively. Other tests that maybe apply to test and detect the nonlinear P-L relation include, for example, the non-parametric regression as outlined in .
Number of Long Period Cepheids and Sample Selections
Currently perhaps the best LMC Cepheid samples are from the OGLE and MACHO projects. They are the "best" in terms of the number of Cepheids and the quality of the photometric data (for example, small photometric errors and large number of data points per light curves). Even though both samples show a nonlinear P-L relation as detected in Tammann & Reindl (2002) , and , both samples lack Cepheids with log(P ) > 1.5 (due to the saturation of CCD). The lack of longer period Cepheids, together with the (overall) smaller number of long period Cepheids, is another criticism . For our simulated sample, F > 3 indicates that the P-L relation is nonlinear with more than 95 per cent confidence level. Therefore a thick vertical line is drawn at F = 3 and we choose the bin-size to be 3 when building up these histograms.
against the detection of the nonlinear P-L relation. It has been suggested that the nonlinearity of the LMC P-L relation is due to the relatively small number of the long period Cepheids in the OGLE and MACHO samples, and this nonlinear feature will go away if more long period Cepheids are added to the samples. Tammann & Reindl (2002) and using the OGLE data alone already suggested the LMC P-L relation is nonlinear. Sandage et al. (2004) tried to ameliorate the shortage of long period Cepheid by including additional Cepheids from literature to expand the OGLE sample. They found the nonlinear LMC P-L relation was still evident. The number of long period Cepheids will not be the same as the short period Cepheids. This is not a surprise, as argued in , because in general the mass is higher for longer period Cepheids. The consequence is that there are a fewer number of long period Cepheids (due to initial mass function) and the long period Cepheids will cross the instability in a shorter amount of time (Bono et al. 2000) . These two effects have limited the number of long period Cepheids present in the LMC (or in any galaxy).
Despite the fact that the F -test first used in is sensitive to both the number and nature of Cepheids on either side of the period cut, we will demonstrate that the sample selection in general will not affect the detection of a nonlinear LMC P-L relation. The published V -band mean magnitudes from various sources, as given below, will be used for this test because there is a vast amount of data available in the V -band.
1. We downloaded the published OGLE data, the extinction corrected mean V magnitudes and periods, from their website 1 . There are 771 Cepheids, but we removed those without V -band measurements. This left 762 in our "OGLE" sample.
2. We add additional data from table 4 of Sebo et al. (2002) to the OGLE data. We removed the entries in the Sebo dataset that are labeled with "ogle" to avoid duplicity with the OGLE Cepheids. We took the E(B − V ) values from Persson et al. (2004) and/or Sandage et al. (2004) , if available, or set to 0.10 (LMC mean extinction) otherwise for this sample to correct for the extinction. This sample is added to the OGLE sample given in item (1) above and called "OGLE+SEBO".
3. We include the extinction corrected V -band data from Laney & Stobie (1994, with 45 Cepheids) , Caldwell & Laney (1991, with 88 Cepheids) , Sandage et al. (2004, with 97 Cepheids) and Gieren et al. (1998, with 53 Cepheids) , separately, to our OGLE data in item (1), and they are called "OGLE+LS94", "OGLE+CL91", "OGLE+STR04" and "OGLE+GFG98", respectively.
Following Udalski et al. (1999a) and , Cepheids with log(P ) < 0.4 were removed from the samples to avoid contamination from first overtone Cepheids. The plots of these samples (not shown) reveal that some of the obvious outliers should be removed. We use the sigma-clipping algorithm to remove these outliers (Udalski et al. 1999a ). First we fit a standard regression to all Cepheids in the samples and obtain the σ ( = Root Mean Square, or total dispersion), then those outliers with a dispersion more than Xσ from the fitted regression line are removed. We adopt a novice value of X = 2.5 in our test, which is also used by the OGLE team (Udalski et al. 1999a ). We then re-fit the regression to the short and long period Cepheids and apply the F -test as done in and . For our sample, F ∼ 3 at 95 per cent confidence level, hence if F > 3 then the P-L relation is nonlinear. The results are summarized in Table 1 . From this table it can be seen that the nonlinear P-L is clearly evident from the F -test using the OGLE data alone. Appending additional data from various sources to the OGLE data the nonlinearity of the LMC P-L relation is still preserved from the F -test. Including the Cepheids with period shorter than log(P ) < 0.4 will not alter the detection of nonlinear P-L relation given in this table. A similar test is also done to the MACHO sample , as both the MACHO sample alone and the "MACHO+SEBO" samples combined have returned a significant F -test result. Therefore we believe that the detection of the nonlinear LMC P-L relation is not due to the sample selection and the lack of longer period Cepheids in the samples, as long as we have a good sample (with large number of Cepheids, see next section as well).
It is worthwhile to point out that the P-L relation is believed to be linear if the slopes of the long and short period P-L relations are similar. Some cases of the similar slopes can be seen from Table 1 (e.g., OGLE+CL91). However nonlinearity of the P-L relation will depend on both of the slopes and the zeropoints, and the full form of nonlinear P-L relations is taken into account in the F -test. In Figure 4 , we show the histograms of the F -test results from the simulated P-L relations using the "OGLE+CL91" and "OGLE+GFG98" P-L relations given in Table 1 as the input P-L relations. The former P-L relations have similar slopes while the latter P-L relations have similar zero-points. From the figure the nonlinear P-L relation is still detected in both cases.
Removing Outliers
In the previous section the outliers were removed using the sigma-clipping algorithm with X = 2.5. In this section we will investigate the influence of outliers on the detection of the nonlinear P-L relation. Using the six samples as given in Table 1 (again, Cepheids with log[P ] < 0.4 are removed), we apply the sigma-clipping algorithm with X = {5.0, 4.5, 4.0, 3.5, 3.0, 2.5, 2.0, 1.5, 1.0, 0.5} to remove outliers and then calculate the corresponding F -values. The results are summarized in Figure  5 . From this figure it can be seen that a general trend exists between the adopted value of X and the resulting F -values for the LMC Cepheids. At high X, the samples show a marginal detection (F ∼ 3) of the nonlinearity of the P-L relation. As the adopted value of X decreases to ∼ 3 and ∼ 2, the detection of the nonlinear P-L relation becomes significant. When the adopted value of X decreases to ∼ 1 or less, the P-L relation becomes linear as indicated by a non-significant F -test result (F < 3). The cases for using large values of X that did not show a nonlinear P-L relation can be understood as due to the influence of outliers, because these outliers will decrease the accuracy of the determined slopes and hence reduce the significance of the F -test . Adopting large value of X in the sigma-clipping algorithm probably is not a good practice because some genuine outliers will not be removed (in other words, not many outliers will be removed). The cases for using small values of X that do not show the nonlinearity of the P-L relation can be understood as follows: the intrinsic dispersion of the P-L relation is of the order of ∼ 2σ and sigma-clipping with X < 1.5 will remove many Cepheids, including those good Cepheids near the edges of the instability strip. This will make the regression tighter and tighter along the regression line. If nonlinearity does exist in the P-L relation within the intrinsic dispersion, the sigma-clipping with small X will "remove" the signature of the nonlinear P-L relation and hence the F -test returns a non-significant result. Therefore, too high or too low of X is not a good choice for rejecting the outliers. A novice choice of X is ∼ 2.5 which we used in this paper as well as by the OGLE team.
Rejection of outliers within the samples, as we demonstrate here, is more critical to detect the nonlinear P-L relation in the LMC Cepheids, if any. Hence we are left with the following choices: (a) use a large value of X (say X > 4) in sigma-clipping algorithm that will include some obvious outliers in the sample and hence a marginal or no detection for the nonlinearity of the P-L relation; (b) use a small value of X (say X < 1) that removes a lot of the good Cepheids, as well as the outliers, and the nonlinear P-L relation will not be detected; or (c) use a reasonable value of X (say X ∼ 2.5) to remove the outliers but the remaining sample will suggest the P-L relation is nonlinear. Choice (a) is not a good practice in astronomy as the obvious outliers will be included in the sample. Choice (b) is also not a good practice for obvious reason (why remove some good data together with the outliers?). Hence we left with choice (c) and conclude that the LMC P-L relation is nonlinear after a proper rejection of the outliers. Therefore we only have to select a good sample that is free of (obvious) outliers, and the detection of the linear/nonlinear P-L relation will follow if the intrinsic P-L relation is linear/nonlinear.
Issues of Extinction
Among the reasons that may cause the observed nonlinear P-L relation, extinction is believed to be the most likely candidate (assuming that the P-L relation is intrinsic linear). Therefore it is important to investigate and discuss the issues related to extinction further. It has been suggested that the E(B − V ) values given by the OGLE team are generally higher (see, e.g., Subramaniam 2005) , therefore in this section we examine the LMC P-L relation using the extinction map provided by Subramaniam (2005) 2 , who used the red clump stars along the line of sight to estimate the extinction values. Besides the lower extinction values, there is another difference between the extinction maps presented in Subramaniam (2005) nonlinear detection of LMC P-L relation is independent of the extinction maps used.
To explain the observed nonlinear behavior of the LMC P-L (and P-C) relation as being due to extinction errors, the regression for the E(B − V ) values and log(P ) for individual Cepheids will have the form of E(B − V ) = α log(P ) + β, with α being a positive value to counter the apparent nonlinear P-L relation. In addition, the extinction error hypothesis would not only have to explain the existence for such a relation but also explain why this relation exists only for the long period Cepheids. We examine such a period dependency of E(B − V ) values in the following two ways:
1. A regression can be fit to the OGLE Cepheids with log(P ) and E(B − V ) values from the extinction maps and hence obtain a value for α. Using the E(B − V ) values from the original OGLE extinction map, we obtained α = −0.011 ± 0.004 and −0.014 ± 0.005 for all Cepheids and only the long period Cepheids, respectively. Using the Subramaniam (2005) extinction map, we have α = −0.015 ± 0.006 (for all Cepheids) and −0.026 ± 0.008 (for long period Cepheids). The negative values of α are in contradiction with what is expected (a positive value) from the extinction hypothesis as described. In fact, some of the longer period Cepheids (log[P ] > 1.6) have comparable or lower E(B − V ) values than the short period Cepheids (see, e.g., table 1 of Sandage et al. 2004 ).
2. Madore (1982) has provided a relation for E(B − V ) that include a period dependency in the relation: E(B − V ) = −0.26V − 1.05 log(P ) + 1.84(B − V ) + 3.62. Using the OGLE Cepheids with available V magnitudes and (B − V ) colors, we can obtain the E(B − V ) values with this relation and hence correct for extinction. The F -test result for this extinction corrected V -band data is F = 0.79. This implies that the P-L relation is linear if we use Madore (1982) 's relation for the extinction correction. However there are three caveats for using Madore (1982) 's method. First of all, the resulting slope for the V -band P-L relation is too steep, with −3.615±0.064 for all Cepheids in the sample (−3.542±0.092 and −3.457 ± 0.349 for short and long period Cepheids, respectively). This is in direct contradiction to the observed V -band P-L slope that should be around ∼ −2.7 to ∼ −2.8. This range of slope is also consistent with theoretical predictions (see, e.g., Caputo et al. 2000) . Secondly, the unreddened (B − V ) P-C relation already displays a nonlinear feature, and this nonlinear feature will propagate to the E(B − V )-log(P ) plot with Madore (1982) 's relation (see the middle panel of Figure 6 ). As a result the extinction corrected (B − V ) P-C relation and hence the V -band P-L relation will become linear, as displayed in Figure 6 for the (B − V ) P-C relation. In other words, the Madore (1982)'s relation cannot be used to correct for extinction if the observed P-C relation is nonlinear. Finally, about one quarter of the subsequent E(B − V ) values are negative (see middle panel of Figure 6 ), which is physically unrealistic. Therefore, Madore (1982) 's relation cannot be used to account for the nonlinear P-L and P-C relations as an extinction effect, even though the relation contains a period dependency. If this resolution is adopted, then the resulting LMC PL relation must be the one to be used for calibrating extra-galactic distances. Because the slope is so different in this case, this will mean a large change in the existing extra-galactic distance scale.
We hence believe that the extinction hypothesis with a period dependency on the E(B − V ) values may not be able to account the for observed nonlinear LMC P-L and P-C relations. Since the extinction correction is A V = R V E(B − V ), could the total-to-selection extinction coefficient R V be responsible to the nonlinear LMC P-L relation? In this paper, we adopt a constant value of R V = 3.24 from Udalski et al. (1999b) . Using the ∼ 90 R V values given in table 1 of Sandage et al. (2004) , we plot R V as a function of period in Figure 7 . The figure has suggested that there is a correlation between R V and log(P ). However, if we adopt such a period dependency of R V and apply this to our OGLE data (with the OGLE extinction map), -Plot of the R V as a function of period using the data given in table 1 of Sandage et al. (2004) . The fitted regression is R V = 0.165(±0.013) log(P ) + 3.043(±0.016).
we still obtain a significant detection of nonlinearity of the P-L relation with F = 6.74. Therefore a period dependency of R V still cannot explain the observed nonlinear LMC P-L relation.
Another piece of evidence against extinction errors causing the observed nonlinear P-L relation is the P-C relation at maximum light. The observed P-C relation for the Galactic and LMC long period Cepheids is shown to be flat at the maximum light (Code 1947; ). There is a sound physical reason behind the flatness of the P-C relation at the maximum light (Simon et al. 1993; Kanbur & Ngeow 2006) : the interaction of hydrogen ionization front (HIF) and photosphere at the maximum light. As period increases, Cepheids can only get cooler or stay roughly in the same temperature range (i.e. the P-C relation is flat) at maximum light. If an additional amount of extinction is needed to make the P-C relation linear at the mean light, the the same amount of extinction would force the Cepheids to become hotter as period increases at maximum light. This is in serious contradiction with the pulsation theories and observations. In fact, some researchers have used the flatness of the P-C relation at the maximum light to derive the extinction values (Simon et al. 1993; Fernie 1994) . Furthermore, the multi-phase study of the LMC P-L and P-C relations implies that the LMC P-L and P-C relations are nonlinear at most of the phases over the pulsation cycle, especially at phases near 0.8 (Ngeow & Kanbur 2006b ). Based on the above arguments and the arguments presented in , Sandage et al. (2004) , and Kanbur & Ngeow (2006) , we believe that extinction errors are not responsible for the observed nonlinear P-L (and P-C) relation in the LMC Cepheids from the current available extinction studies.
The Period-Color Relation is also Nonlinear
The P-L relation and the period-color (P-C) relation for Cepheid variables are not independent of each other. Madore & Freedman (1991) have given a thorough review for the physics behind the Cepheid P-L and P-C relations. At mean light in the optical bands, a nonlinear P-L relation will imply that the P-C relation is also nonlinear and vice versa. The maximum light P-C relation shows a slightly different behavior, see Ngeow & Kanbur (2006b) . Compared to the P-L relation, the nonlinearity of the P-C relation is compelling and easier to visualize (see the P-C plots in Tammann & Reindl 2002; Sandage et al. 2004; Kanbur & Ngeow 2006) . However the evidence for the nonlinear LMC P-C relation is largely ignored when the detection of nonlinear P-L relation is criticized. The large scatter at given period in the P-C relation is given as an example of possible errors in extinction. However, we state again that if the extinction errors are great, they should also affect the PC relation at maximum light but the P-C relation at maximum light is flat as predicted by theory. The F -test applied to the P-C relation has already been discussed in , 2006 and and will not be repeated here. The results again strongly support the nonlinear P-C relation. Unless new evidence and/or new theory emerges to show that the Cepheid P-L and P-C relations should be totally independent, the linear or nonlinear properties for both of the optical P-L and P-C relations cannot be neglected, and a nonlinear P-C relation would imply a nonlinear P-L relation.
The Nonlinearity of the LMC P-L Relations in Different Pass-Bands
There is a mis-conception that if the P-L relation is nonlinear in the optical (BV RI) bands, then the same degree of nonlinearity of the P-L relation should also be present in the near infrared (JHK) bands (or at least the nonlinear J-band P-L relation would be easily visible), and vice versa. Persson et al. (2004) presented the JHK-band P-L relations from ∼ 92 LMC Cepheids and found that these P-L relations are linear. Since the JHK-band P-L relations are linear, then, based on the above mis-conception, an argument against the finding of the nonlinear P-L relation is that the optical P-L relation should also be linear. As suggested and argued in , the main reason that Persson et al. (2004) found the JHK-band P-L relations to be linear is because there are not enough short period Cepheids (∼ 15) in their sample, as compared to over 600 short period Cepheids found in the OGLE and MACHO samples. As a consequence the F -test will not return a significant result for detecting the nonlinear P-L relation. Furthermore, has used the MACHO and 2MASS (Two Micron All Sky Survey) data to study the nonlinearity of the P-L relation in V RJHK bands. Their results imply that the LMC P-L relation in nonlinear in the V RJH-band but linear in the K-band.
It is well-known that, at least in the optical, the temperature variation dominates the luminosity variation of Cepheid variables (see, e.g., Cox 1980) , and the range of the temperature variation is around ∼ 4500K to ∼ 6500K. In Figure 8 , we plot the black-body curves for two temperatures that roughly bracket typical temperature variations in Cepheids. We use vertical lines to indicate the locations of different pass-bands. From this figure it is clear that the luminosity variation is greatest in the optical bands, and this variation decreases toward the infrared bands. Since the LMC (optical) P-C relation is also found to be nonlinear and there is no obvious reason that the Cepheid period-radius (P-R) relation should not be linear (see, e.g. Bono et al. 1998; Gieren et al. 1998) , we assume that the nonlinear P-L relation is due to the temperature behavior (i.e. the nonlinear P-C relation) of the LMC Cepheids. Then from Figure 8 , it is straight forward to see why the optical band P-L relations will exhibit a higher degree of nonlinearity than the J-and H-band P-L relation, and also why the K-band P-L relation is expected to be linear. Therefore, the degree of nonlinearity is not the same in all bands, as the optical band P-L relation will show a higher degree of nonlinearity than the near infrared bands (J-and H-band). On the other hand, the results found in , i.e. the nonlinear V RJH-band P-L relations and a linear K-band P-L relation, suggested that the temperature behavior of the LMC Cepheids could play an important role in determining the nonlinearity of the LMC P-L relation. Kanbur & Ngeow (2006) has proposed a possible mechanism, the interaction of the HIF with the photosphere, that can alter the temperature behavior of the LMC Cepheid during a pulsating cycle and lead to the observed nonlinear P-L relation.
Nonlinear LMC P-L Relation versus Universality of the P-L Relations
It is well-known that the zero-point of the P-L relation could be metallicity dependent, i.e. the metal-rich Cepheids are intrinsically brighter than metal-poor Cepheids at a given period (see, for examples, Kennicutt et al. 1998; Storm et al. 2004) . In contrast, the slope of the P-L relation is assumed and considered to be metallicity independent, i.e. universal, and hence the P-L relation can be calibrated with large numbers of well observed LMC Cepheids. This assumption of a universal P-L relation has greatly simplified the use of P-L relations in distance scale applications. Since the Galactic P-L relation is linear, then, based on the universal assumption, the LMC P-L relation should also be linear with the same slope as found in the Galactic P-L relation. This is another argument against the detection of the nonlinear P-L relation for the LMC Cepheids. However recent observational and empirical studies imply that there are three different point of views regarding the metallicity dependency of the slope for the Cepheid P-L relation:
1. No metallicity dependency: The slope of the Cepheid P-L relation is totally independent of the metallicity and its value is universal. Papers supporting this point of view include, for example, Gieren et al. (1998), Udalski et al. (2001) and Gieren et al. (2005) 3 .
2. Evidence of metallicity dependency: Studies from Tammann et al. (2003) , and Sandage et al. (2004) provided evidence that the slope of the Galactic P-L relation is statistically significantly different to that in the LMC, hence the slope of the P-L relation can not be universal, at least at the LMC and Galactic metallicity.
3. Evidence of metallicity dependency up to a certain value: Romaniello et al. (2005) plotted the V -band residuals from the Udalski et al. (1999a) P-L relation as function of iron abundance for a number of Galactic and Magellanic Cloud Cepheids. Their result implied that Cepheids get fainter as metallicity increases (linearly) until the Solar metallicity, where a turn-over or a plateau occurs.
However, because the number of Galactic Cepheids (less than 100) that are applied to define the Galactic P-L relation is much smaller than the LMC counterparts, it is still premature to confirm which of the above points of view represents reality. On the other hand, recent theoretical studies that incorporate the latest input physics (e.g., treatments of time-dependent convection) have suggested the Cepheid P-L relation is not universal (see, e.g., Alibert et al. 1999; Bono et al. 1999; Caputo et al. 2000; Fiorentino et al. 2002; Marconi et al. 2005) , in contrast to the older results (e.g., Iben & Renzini 1984; Stothers 1988) . Given the recent observational/empirical and the theoretical results, the assumption of universal P-L relation is not fully justified. Therefore the detection of nonlinear LMC P-L relation may not be ruled out based on the argument of a universal P-L relation alone. The issue of universality of the P-L relation will be fully addressed in the future when better data for more Cepheids are available.
In fact, the nonlinearity of the LMC P-L relation provides another evidence against the assumption of universal P-L relation since the observed Galactic P-L relation is shown to be linear . The theoretical LMC P-L relations broken at 10 days from Marconi et al. (2005) are consistent with the observed nonlinear LMC P-L relations, while the theoretical Galactic P-L relation is shown to be less "quadratic" (i.e., linear, see Bono et al. 1999; Marconi et al. 2005) . Kanbur & Ngeow (2006) also provided preliminary reasons why the P-C (and hence the P-L) relations for Galactic and SMC (Small Magellanic Cloud) Cepheids are linear and for the LMC Cepheids are nonlinear in terms of the HIF-photosphere interaction. This interaction, to a large extent, depends on the metallicity. Further, Ngeow & Kanbur (2006b) studied the multi-phase P-C relations for the Galactic, LMC and SMC Cepheids and found that the P-C relations are different in these three galaxies at some phases. This leads to different P-C relations for Galactic, LMC and SMC Cepheids seen at mean light as found in Tammann et al. (2003) ; and Sandage et al. (2004) . Therefore the P-L relation may not be universal because the P-L and P-C relations are not totally independent of each other.
Conclusion
In this paper we have examine and discuss various aspects and issues concerning the nonlinear LMC P-L relation arising from recent studies. In summary, (a) we find that it is difficult to visualize the nonlinear P-L relation and statistical tests are needed to detect it; (b) we provide evidence that sample selection, long period Cepheids, outlier removals and extinction errors are unlikely to be responsible for the detection of the nonlinear P-L relation; and (c) we argue the existence of nonlinear P-L relation from the perspective of nonlinear P-C relation and the non-universality of the P-L relation. Combining the results from this paper and the results from previous studies, especially the nonlinear study on the MACHO data , there are strong indications that the observed LMC P-L relation is indeed nonlinear. Then the logical conclusions based on this are either one of the following or a combination of both:
1. The nonlinear feature of the LMC P-L relation is intrinsic and real, and there are some physical reasons that are associated with the pulsational properties of Cepheids and cause the observed nonlinear P-L relation. We referred these as the "internal reasons" and further study in stellar structure, pulsation and evolution is crucial to model and explain the nonlinear P-L relation. For example, Kanbur & Ngeow (2006) explain the nonlinear P-L relation as being due to the HIF-photosphere interaction, and metallicity plays an important role in determine the different behavior for such interaction. Theoretical P-L relations constructed from the LMC models are also in good agreement with the observed nonlinear P-L relation (Marconi et al. 2005 ).
2. There are some hidden/additional factors that may cause the apparent nonlinear feature in the LMC data, and we refer these as the "external reasons". These hidden/additional factors, if they exist and are found to be responsible for the nonlinear P-L relation, need to be taken into account when establishing a P-L relation. Perhaps the treatment of extinction is incomplete and/or inaccurate in the literature and in our study. Using the interferometric technique, Kervella et al. (2006) found that the circumstellar envelope (CSE) could exist in a long period Galactic Cepheids, l Car. The existence of CSE could potentially complicate the extinction correction for Cepheids. However, if we assume that CSE exists in both of the Galactic and LMC Cepheids and it causes the observed nonlinear LMC P-L relation, then the observed Galactic P-L relation should also be nonlinear. This is in contradiction with the current observed Galactic P-L relation which is linear (because the Galactic P-C relation is also linear, see, e.g., ).
Nevertheless, detailed investigations of these two aspects are beyond the scope of this paper. They are the two main future research directions for explaining and understanding the observed nonlinear LMC P-L relation. Certainly, the nonlinearity of the LMC P-L relation poses a new problem in the study of Cepheid variables.
Distance Scale Application
Since the LMC P-L relation, which has been assumed to be linear, has been extensively applied in the distance scale studies in the past, the detection of nonlinear LMC P-L relation could imply a "disaster" for the past distance scale works. In particular, does the nonlinear P-L relation invalidate previous distance scale results has looked at this problem closely, and the authors found that if the Cepheid distance is obtained using the Wesenheit function, a linear combination of the P-L and P-C relation, then the typical difference in the distance modulus with a linear and a nonlinear P-L relation is ∼ ±0.03 mag, or at ∼1.5 per cent level. This is because the Wesenheit function is linear: the nonlinear P-L and P-C relations cancel each other out ). This finding is further supported by the study of Ngeow & Kanbur (2006a) , who compared the Hubble constant obtained from the Type Ia supernovae that are calibrated with both the linear and nonlinear LMC P-L relations. The difference in the Hubble constant is still at the ∼1.5 per cent (or less) level. Therefore, the nonlinear P-L relation will not seriously invalidate previous distance scale results at a few per cent level. It is also not a surprise that Pietrzyński et al. (2006) found a similar and consistent distance to IC 1613 when using the linear and the nonlinear P-L relation.
However, from the present study and the previous studies, there is growing evidence that the LMC P-L relation could be intrinsically nonlinear. Then the correct form of the (nonlinear) LMC P-L relation should be applied in the future distance scale studies (see also Kanbur et al. 2003; Saha et al. 2006; . In this sense, the linear P-L relation is an approximation to the intrinsically nonlinear P-L relation. As in all other science, a simple assumption and approximation is applied before a more realistic but complicated relation is developed and/or discovered. and Ngeow & Kanbur (2006a) have also discussed the importance of using the (correct) nonlinear LMC P-L relation in distance scale studies. This is because using the (incorrect) linear P-L relation will introduce an additional error of ∼ ±0.03 mag to the systematic error of distance scale and/or the Hubble constant, which is important in the era of precision cosmology to reduce the total systematic error. It has been known that there is a degeneracy between the total density of the universe (Ω tot ) and the Hubble constant (see, e.g., Tegmark et al. 2004) , and a highly accurate measurement of the Hubble constant would help to break this degeneracy. The current uncertainty of the Hubble constant through the distance ladder measurement is at ∼ 10 per cent level (see, e.g., Freedman et al. 2001) , with systematic errors contributed from various sources (for example, the error in the LMC distance is still one of the largest systematic error for the Hubble constant). In the near future, when these systematic errors are refined and improved to ∼ 1.5 per cent level, which are comparable to the error introduced from the linear versus nonlinear P-L relation, the importance of eliminating the additional systematic error from the linear and nonlinear P-L relation cannot be neglected.
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A. Answer to Figure 1 The P-L relation in Figure 1(A) is intrinsic nonlinear and the P-L relation in Figure 1(B) is intrinsic linear. The F -values from the F -test for these two generated P-L relations are 35.0 and 0.59, respectively.
